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We propose an analog-digital quantum simulation of fermion-fermion scattering mediated by a continuum of
bosonic modes within a circuit quantum electrodynamics scenario. This quantum technology naturally provides
strong coupling of superconducting qubits with a continuum of electromagnetic modes in an open transmis-
sion line. In this way, we propose qubits to efficiently simulate fermionic modes via digital techniques, while
we consider the continuum complexity of an open transmission line to simulate the continuum complexity of
bosonic modes in quantum field theories. Therefore, we believe that the complexity-simulating-complexity
concept should become a leading paradigm in any effort towards scalable quantum simulations.
PACS numbers: 03.67.Ac, 03.70.+k, 85.25.-j, 03.67.Lx
Introduction.—Quantum field theories [1] (QFTs) are
among the deepest and most complex descriptions of nature.
This is why different computing approaches have been devel-
oped, as Feynman diagrams [1] or lattice gauge theories [2].
In general, the numerical simulations of QFTs are computa-
tionally hard, with the processing time growing exponentially
with the system size. Nevertheless, a quantum simulator [3–5]
could provide an efficient way to emulate these theories [6–
14] in polynomial time. For instance, the remarkable devel-
opments in superconducting circuits and circuit quantum elec-
trodynamics (QED) [15–23], specifically concerning their im-
provements in controllability and scalability [24, 25], make
them suitable candidates for developing a quantum simula-
tor [26].
An important and probably unique property of supercon-
ducting devices is that, unlike other quantum platforms, they
offer naturally strong and ultrastrong couplings of qubits to
a continuum of bosonic modes provided by one-dimensional
open transmission lines. For instance, an almost 100% re-
flection of a single photon by a two-level scatterer in open
lines has been demonstrated [27–29], leading to applications
of nonclassical state generation of light [30]. Therefore, this
system is a specially suited platform to realize quantum simu-
lations of scattering processes involving interacting fermionic
and bosonic quantum field theories, where access to the con-
tinuum of modes is required.
In this letter, we propose the quantum simulation of
fermionic field modes interacting via a continuum of bosonic
modes with superconducting circuits, by introducing the
complexity-simulating-complexity concept. With this we
mean using a complex quantum system to simulate another
quantum system with similar complexity. Along these lines,
in our proposal, a continuum complexity in QFTs is simulated
by a continuum complexity of open transmission lines, instead
of approximating the model to a discrete number of modes or
reducing it to many qubits. To achieve this goal, we consider
a quantum simulator composed of tunable coupling transmon
qubits [31, 32], an open transmission line with a finite band-
width of bosonic modes, and a microwave cavity supporting
a single mode of the electromagnetic field. In this scenario,
we discuss the minimum requirements that superconducting
circuits, or any other quantum platform, should fulfill in or-
der to implement a scalable analog-digital quantum simula-
tor, aiming at simulating fermion-fermion scattering, fermion
self-interaction, and pair creation and annihilation. In addi-
tion, we discuss how to scale up the number of fermionic de-
grees of freedom for the sake of simulating full-fledged quan-
tum field theories. Note that in Ref. [8], the quantum simula-
tion of a similar quantum field theory model in trapped ions
was proposed. However, this quantum platform can only pro-
vide a discrete number of bosonic modes that will be hard to
improve when considering scalable quantum simulations of
QFT models.
The model.—Our current understanding of the most ba-
sic processes in nature is based on interacting quantum field
theories [1]. For example, models involving interaction of
fermions and bosons play a key role. In these kinds of sys-
tems, one is able to describe fermion-fermion scattering me-
diated by bosonic fields, fermionic self-energies, and bosonic
polarization. In particular, we will consider a quantum field
theory model under the following assumptions: (i) 1+1 di-
mensions, (ii) scalar fermions and bosons, and described by
the Hamiltonian (h¯ = c = 1)
H =
∫
dp ωp(b
†
pbp + d
†
pdp) +
∫
dk ωka
†
kak
+
∫
dx ψ†(x)ψ(x)A(x). (1)
Here, A(x) = i
∫
dk λk
√
ωk(a
†
ke
−ikx − akeikx)/
√
4pi is a
bosonic field [33], with coupling constants λk, and ψ(x) =∫
dp
(
bpe
ipx + d†pe
−ipx) /√4piωp is the scalar fermionic
field, with b†p(bp) and d
†
p(dp) as its corresponding fermionic
and antifermionic creation(annihilation) operators for mode
frequency ωp, while a
†
k(ak) is the creation(annihilation)
bosonic operator associated with frequency ωk.
In order to adapt the simulated model to the simulating
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2setup, we consider a further simplification in Eq. (1): (iii) one
fermionic and one antifermionic field comoving modes [8] in-
teracting via a continuum of bosons. The latter is intended
to analyze an interacting theory that may describe fermion-
fermion scattering, pair creation, dressed states, and nonper-
turbative regimes.
The jth input comoving modes are defined in the
Schro¨dinger picture as follows [8]
b
†(j)
in =
∫
dp Ω
(j)
f (p
(j)
f , p)b
†
pe
−iωpt (2)
d
†(j)
in =
∫
dp Ω
(j)
f¯
(p
(j)
f¯
, p)d†pe
−iωpt, (3)
where Ω(j)
f ,f¯
(p
(j)
f ,f¯
, p) are the jth fermionic and antifermionic
envelopes centered in the momenta pf and pf¯ , respectively.
These modes create normalizable propagating wave packets
when applied to the vacuum which are suitable for describ-
ing physical particles, unlike the standard momentum eigen-
states which are delocalized over all space. For our pur-
poses we restrict ourselves to orthonormal envelope functions
Ω
(j)
f ,f¯
(p
(j)
f ,f¯
, p), such that the comoving modes satisfy, at equal
times, the anticommutation relations {b(i)in , b†(j)in } = δij .
The implementation of Hamiltonian in Eq. (1) in a super-
conducting circuit setup is a hard problem because it contains
an infinite number of both bosonic and fermionic modes. We
will be able to mimic the former by using the continuum of
bosonic modes appearing in transmission lines or low-quality
resonators. In order to deal with the latter, we consider the
field fermionic ψ(x) as composed of a discrete, truncated set
of comoving modes. This condition allows us to expand the
field ψ(x) in terms of two of these new anticommuting modes
as a first order approximation, neglecting the remaining anti-
commuting modes. Thus, the fermionic field reads
ψ(x) ' Λ1(p(1)f ,x, t)b(1)in + Λ2(p(1)f¯ ,x, t)d
†(1)
in , (4)
where the coefficients can be computed by considering the
anticommutators {ψ(x), b†(1)in } and {ψ(x), d(1)in }, as follows
Λ1(p
(1)
f ,x, t) = {ψ(x), b†(1)in }
=
1√
2pi
∫
dp√
2ωp
Ω(1)(p
(1)
f , p)e
i(px−ωpt) (5)
Λ2(p
(1)
f¯
,x, t) = {ψ(x), d(1)in }
=
1√
2pi
∫
dp√
2ωp
Ω(1)(p
(1)
f¯
, p)e−i(px−ωpt),
(6)
where we have considered ψ(x) in the Schro¨dinger picture.
Henceforth, we shall omit the superindices since we only con-
sider two creation operators.
The Hamiltonian associated with the proposed quantum
field theory model can be rewritten in the light of the previ-
ous assumptions. Substituting the expressions for the bosonic
A(x) and fermionic ψ(x) fields into the interaction Hamilto-
nian of Eq. (1) yields [33]
Hint = i
∫
dxdkλk
√
ωk
2
(
|Λ1(pf ,x, t)|2b†inbin
+Λ∗1(pf ,x, t)Λ2(pf¯ ,x, t)b
†
ind
†
in
+Λ∗2(pf¯ ,x, t)Λ1(pf ,x, t)dinbin
+|Λ2(pf¯ ,x, t)|2dind†in
)(
a†ke
−ikx − akeikx
)
. (7)
The fermionic and antifermionic operators obey anticommu-
tation relations {bin, b†in} = {din, d†in} = 1, and the bosonic
operators satisfy commutation relations [ak, a
†
k′ ]= δ(k − k′).
In this sense, we expect that reproducing the physics of a dis-
crete number of fermionic field modes coupled to a continuum
of bosonic field modes will boost full-fledged quantum simu-
lations of quantum field theories.
Let us now consider the Jordan-Wigner transformation [34,
35] that relates fermionic operators with tensor products of
Pauli operators: b†l =
∏l−1
r=1 σ
−
l σ
z
r , and d
†
m =
∏m−1
r=1 σ
−
mσ
z
r ,
where l = 1, 2, ...,N/2, m = N/2 + 1, ...,N , with N
the total number of fermionic plus antifermionic modes.
Note that this transformation is efficient with our techniques
for simulating fermions coupled to the bosonic continuum.
That is, we require a polynomial number of qubits and
gates in the number of fermionic modes [36]. In this case,
the Hamiltonian in Eq. (7) presents three kinds of interac-
tions: single and two-qubit gates coupled to the continuum
H1 = iσj
∫
dxdk gk(a
†
ke
−ikx − akeikx), H2 = i(σj ⊗
σ`)
∫
dxdk gk(a
†
ke
−ikx − akeikx), with σq = {σx,σy,σz}
for q = 1, 2, 3, and interactions involving only bosonic modes,
H3 = i
∫
dxdk gk(a
†
ke
−ikx−akeikx) (see Supplemental Ma-
terial [33]). Thus, the simulator should provide a mechanism
for generating multiqubit gates and coupling spin operators to
a continuum of bosons in an analog-digital approach [10, 11].
In light of the above discussion a possible interaction term
reads H = i(b†id
†
j + djbi)
∫
dkgk(a
†
ke
−ikx − akeikx). The
Jordan-Wigner transformation allows us to write the above in-
teraction as the exponential of a tensor product of Pauli matri-
ces with a band of bosonic modes. To compute this exponen-
tial, we propose the implementation of the following sequence
of quantum gates [10, 11]
U=UMS(−pi/2, 0)Uσz (φ)UMS(pi/2, 0)
= exp [φ(σz ⊗ σx ⊗ σx ⊗ ...)
∫
dkgk(a
†
ke
−ikx − akeikx)],
(8)
where UMS is a Mølmer-Sørensen gate [37] that can
be parametrized as UMS(θ,φ) = exp[−iθ(cosφSx +
sinφSy)
2/4]. Here Sx,y =
∑
i σ
x,y
i is extended to as many
qubits as fermionic modes are involved, and the central gate
Uσz (φ) is exp[−φσz1
∫
dkgk(a
†
ke
−ikx − akeikx)].
Circuit QED implementation.—Circuit QED architectures
including the interaction between on-chip coplanar waveg-
3qubit 1
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U M
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FIG. 1. (a) Schematic representation of our proposal for simulating fermion-fermion scattering in quantum field theories. An open trans-
mission line (blue) supporting the continuum of bosonic modes interacts with two superconducting qubits (green) simulating the fermions
and one ancilla qubit (grey). The second one-dimensional waveguide (red), forming a resonator due to the capacitors at each edge, supports
a single mode of the microwave field and interacts with two superconducting qubits. Each qubit can be individually addressed through on-
chip flux lines producing fluxes Φjext and Φ¯
j
ext to tune the coupling strength and its corresponding energies. (b) Sequence of multiple and
single qubit gates, inside a Trotter step, acting on superconducting qubits to generate two-qubit interactions coupled to the continuum, where
UMS(−pi/2, 0) = exp(ipiσx ⊗ σx/4), and UC,A = exp[−φσy,z1,A
∫
dk gk(a
†
ke
−ikx − akeikx)].
uides (CPWs) and transmon qubits [31, 32, 38] are an ap-
propriate platform to fulfill the requirements of the analog-
digital simulator. We consider the setup depicted in Fig. 1(a),
which consists of a microwave transmission line supporting a
continuum of electromagnetic modes (open line) interacting
with three transmon qubits. In addition, there is a microwave
resonator with a single bosonic mode coupled only with two
transmons. Notice that two superconducting qubits may in-
teract simultaneously with both CPWs, while the ancilla qubit
interacts only with the open line.
In this setup, we consider tunable couplings between each
qubit and the CPWs, and also tunable superconducting qubit
energies via external magnetic fluxes. In particular, the pro-
tocol for simulating fermion-fermion scattering will require
the ability to switch on/off each CPW-qubit interaction with
control parameters. The latter may be realized by combin-
ing tunable coupling transmon qubits, [31, 32] and standard
techniques of band-stop filters [39] applied to the open trans-
mission line. This way, a finite bandwidth of bosonic modes
plays a key role in the dynamics. Our model considers an open
transmission line without an external bath, due to the fact that
all dynamical time scales happen before the model is broken
by decoherence mechanisms. In this sense, the decoupling
of a transmon qubit from the open line may be accomplished
by tuning the qubit energy out of the bandwidth. In addition,
our protocol may be extended to several fermionic modes by
adding more transmon qubits as depicted in Fig. 2.
In this circuit QED implementation, the system Hamilto-
nian can be written in terms of Pauli matrices in the following
general form [33]
Hint = i
3∑
j=1
σyj
∫
dk β(Φjext, Φ¯
j
ext)gk(a
†
ke
−ikxj − akeikxj )
+ i
2∑
j=1
α(Φjext, Φ¯
j
ext)gjσ
y
j (b
† − b), (9)
where σy is the Pauli operator, a†k(ak) and ωk stand for the
creation(annihilation) operator and the frequency associated
with the kth continuum mode, respectively, whereas the op-
erator b†(b) creates(annihilates) excitations in the microwave
resonator. The coupling strengths gk =
√
ωk and gj depend
on intrinsic properties of the CPW such as its impedance and
the photon frequencies. In addition, xj stands for the jth
qubit position, and the coefficient β(α) can be tuned over the
range [0,βmax]([0,αmax]) via external magnetic fluxes Φ
j
ext
and Φ¯jext, which act on the jth transmon qubit. Note that the
same magnetic fluxes also allow us to tune the qubit energy.
Let us discuss how Hamiltonian in Eq. (9) is able to sim-
ulate the dynamics governed by Hamiltonian in Eq. (7). In
Fig. 1(b), we show the set of quantum operations for simulat-
ing two-qubit gates coupled to the continuum in a single Trot-
ter step [4, 10] to be realized by the proposed analog-digital
simulator. In this circuit QED framework, each gate will cor-
respond to the evolution under the Hamiltonian in Eq. (9)
for specific values of parameters Φjext and Φ¯
j
ext. Specifi-
cally, the gates that act on the first two qubits are, from right
to left, one Mølmer-Sørensen [37] interaction UMS(pi/2, 0),
which is mediated by the resonator [36], one local gate
UC = exp[−φσy1
∫
dk gk(a
†
ke
−ikx − akeikx)] that will cou-
ple the spin operators to the bosonic continuum, and an in-
verse Mølmer-Sørensen interaction UMS(−pi/2, 0). The ap-
plication of these three operations will generate the two-qubit
gate coupled with a continuous band of bosonic modes, H2 =
i(σj ⊗ σ`)
∫
dk gk(a
†
ke
−ikx − akeikx).
The gate Uc will be used independently on each qubit to
generate single-qubit gates coupled to the bosonic continuum.
Besides, the ancilla qubit allows the generation of the gates
that involve only the bosonic modes by means of an inter-
action UA = exp[−φσzA
∫
dkgk(a
†
ke
−ikx − akeikx)], where
σzA is the Pauli operator. The required gate is obtained by
preparing the ancilla in an eigenstate of σzA. The number of
entangling gates needed for a single Trotter step is eight. The
4+ +
+ +
…
…
(a) (b)
FIG. 2. (a) Scheme for the implementation of a set of N fermionic modes coupled to a continuum of bosonic modes. Each fermionic mode
is encoded in a nonlocal spin operator distributed among N superconducting qubits. (b) Feynman diagrams associated with the quantum
simulation of two fermionic modes coupled to a continuum of bosonic modes in a superconducting circuit setup, as explained in the text. We
point out that our proposal contains all orders of Feynman diagrams for a finite number of fermionic modes.
same scheme of gates can be applied on more qubits in order
to scale the system for simulating interactions that involve a
larger number of fermionic modes.
The spatial dependence of the model is given by spatial in-
tegrals
∫
dx(a†ke
−ikx − akeikx)f(x, t), where f(x, t) stands
for the different space-dependent coefficients appearing in the
Hamiltonian of Eq. (7). These integrals can be rewritten as
follows
I(k, t) =
∫
dx
{
a†ke
−ikxj [ cos k(x− xj)− i sin k(x− xj))
−akeikxj (cos k(x− xj) + i sin k(x− xj)
]}
f(x, t).
(10)
If f(x, t) satisfies the condition f(x−xj , t) = f(−x+xj , t),
then we can simplify the integrals such that
I(k, t) = (a†ke−ikxj − akeikxj )
∫
dx cos k(x− xj)f(x, t).
(11)
We can identify the controllable quantity of the cir-
cuit β(Φjext, Φ¯
j
ext)gk with the spatial-dependent terms times
the k-dependent coupling of the field theory model, i.e.,
λk
√
ωk
∫
dx cos k(x − xj)f(x, t). If we consider an im-
plementation that uses transmon qubits, their capacitive cou-
pling to the open line leads naturally to a coupling gk =√
ωk, allowing us to simulate models where λk
∫
dx cos k(x−
xj)f(x, t) is constant or weakly dependent on k. Other kinds
of couplings may be simulated by considering a different su-
perconducting circuit such as the flux qubit, leading to the
implementation of couplings depending on 1/
√
ωk.
Scaling to N fermionic modes.—A way of scaling this for-
malism to a larger number of fermionic modes is to consider
more superconducting elements coupled both to the cavity and
to the open transmission line, as depicted in Fig. 2. If we con-
sider N + 1 transmon qubits, then, N fermionic modes can
be also encoded. Accordingly, our proposal can implement a
large set of fermionic modes interacting with the bosonic con-
tinuum. The addition of more qubits and transmission lines
will allow one to simulate quantum fields in larger spatial di-
mensions. This effort would represent a significant advance
towards full-fledged quantum simulation of QFTs in control-
lable superconducting circuits.
By means of the proposed techniques, one could measure
specific features of QFTs, such as self-interaction and pair
creation and annihilation of fermions mediated via a contin-
uum of bosonic modes. The quantum computation resulting
from this quantum simulation is based on unitary evolutions
associated with Hamiltonian (7). This means that at vari-
ance with perturbative methods in quantum field theories, the
implementation of our protocol will involve an infinite num-
ber of perturbative Feynman diagrams with a finite number
of fermionic modes. In this sense, this approach towards
the quantum simulation of full-fledged quantum field theo-
ries is significantly different from standard procedures, since
it only requires adding more fermionic modes instead of more
Feynman diagrams. Nevertheless, the natural presence of the
continuum of bosonic modes in superconducting circuits ap-
proaches our proposal to the targeted model.
Conclusions.—In this Letter, we have proposed an analog-
digital quantum simulation of fermion-fermion scattering in
the context of quantum field theories with superconducting
circuits. This quantum technology provides, in a unique and
distinct manner, the strong coupling between superconduct-
ing qubits and a microwave resonator, as well as between
qubits and a continuum of bosonic modes. Our approach rep-
resents a significant step towards scalable quantum simula-
tions of quantum field theories in perturbative and nonpertur-
bative regimes with a novel approach: simulating the quantum
complexity of a continuum of QFT bosonic modes with the
quantum complexity of a continuum of circuit QED bosonic
modes.
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SUPPLEMENTAL MATERIAL FOR
FERMION-FERMION SCATTERING IN QUANTUM FIELD THEORYWITH SUPERCONDUCTING CIRCUITS
QUANTUM FIELD THEORYMODEL
We start from the following family of interaction Hamiltonians in 1 + 1 dimensions (h¯ = c = 1),
Hint =
∫
dx ψ†(x)ψ(x)
∫
dk√
2pi
λ˜k√
2ωk
(
Ake
ikx +A†ke
−ikx
)
, (12)
where A†k(Ak) is a bosonic creation(annihilation) operator with the canonical commutation relation
[
Ak,A
†
k′
]
= δ(k − k′),
and λ˜k is a k-dependent coupling constant. Notice that this could be equivalently written, using the unitary transformation
A†k → ia†k(Ak → −iak) and the redefinition λ˜k/
√
ωk → λk√ωk, as a coupling with a bosonic field with the following form
A(x) =
i√
2pi
∫
dk λk
√
ωk
2
(
a†ke
−ikx − akeikx
)
. (13)
6In our simulation, we will use the former definition for the bosonic field A, which is motivated by the specific transmon [40]
implementation that we shall consider. This is not a restriction and we may use a model with coupling constant λ˜k/
√
ωk by
considering a flux qubit instead [41].
In 1 + 1 dimensions, scalar fermionic fields are written as
ψ(x) =
1√
2pi
∫
dp√
2ωp
(
bpe
ipx + d†pe
−ipx) , (14)
where the operator b†p(d
†
p) that creates fermionic particles(antiparticles) satisfies the anticommutation rules {bp, b†p′} = δ(p− p′)
and {dp, d†p′} = δ(p− p′).
The scalability of this simplified model will be discussed in the last section. In particular, we discuss on the possibility of
including spinors in the treatment of the fermionic fields in the simulation.
Discretization and comoving modes
For the purpose of analyzing an interacting theory that may describe fermion-fermion scattering, pair creation, dressed states,
and non-perturbative regimes, we introduce comoving fermionic and antifermionic modes. The jth input comoving modes are
defined in the Schro¨dinger picture as follows [8]
b
†(j)
in =
∫
dp Ω
(j)
f (p
(j)
f , p)b
†
pe
−iωpt (15)
d
†(j)
in =
∫
dp Ω
(j)
f¯
(p
(j)
f¯
, p)d†pe
−iωpt, (16)
where Ω(j)
f ,f¯
(p
(j)
f ,f¯
, p) are the jth fermionic and antifermionic envelopes centered in the momenta pf and pf¯ , respectively. These
modes create normalizable propagating wave packets when applied to the vacuum which are suitable for describing physical
particles, unlike the standard momentum eigenstates which are delocalized over all space. For our purposes we restrict ourselves
to orthonormal envelope functions Ω(j)
f ,f¯
(p
(j)
f ,f¯
, p), such that the comoving modes satisfy, at equal times, the anti-commutation
relations {b(i)in , b†(j)in } = δij .
The implementation of Hamiltonian (12) in a superconducting circuit setup is a hard problem because it contains an infinite
number of both bosonic and fermionic modes. We will be able to mimic the former by using the continuum of bosonic modes
appearing in transmission lines or low-quality resonators. In order to deal with the latter, we consider the field fermionic ψ(x)
as composed of a discrete, truncated set of comoving modes. This condition allows us to expand the field ψ(x) in terms of two
of these new anticommuting modes as a first order approximation, neglecting the remaining anticommuting modes. Thus, the
fermionic field reads
ψ(x) ' Λ1(p(1)f ,x, t)b(1)in + Λ2(p(1)f¯ ,x, t)d
†(1)
in , (17)
where the coefficients can be computed by considering the anticommutators {ψ(x), b†(1)in } and {ψ(x), d(1)in } as follows
Λ1(p
(1)
f ,x, t) = {ψ(x), b†(1)in }
=
1√
2pi
∫
dp√
2ωp
Ω(1)(p
(1)
f , p)e
i(px−ωpt) (18)
Λ2(p
(1)
f¯
,x, t) = {ψ(x), d(1)in }
=
1√
2pi
∫
dp√
2ωp
Ω(1)(p
(1)
f¯
, p)e−i(px−ωpt), (19)
and we have considered ψ(x) in the Schro¨dinger picture. Henceforth, we shall omit the superindex (1) since we only consider
two creation operators.
Hamiltonian in the Schro¨dinger picture
The Hamiltonian associated with the proposed quantum field theory model can be rewritten in the light of the previous
assumptions. Substituting the expressions for the bosonic and fermionic fields of equations (13) and (17), respectively, into the
interaction Hamiltonian of equation (12) yields
Hint = i
∫
dxdk λk
√
ωk
2
(
|Λ1(pf ,x, t)|2b†inbin + Λ∗1(pf ,x, t)Λ2(pf¯ ,x, t)b†ind†in
+Λ∗2(pf¯ ,x, t)Λ1(pf ,x, t)dinbin + |Λ2(pf¯ ,x, t)|2dind†in
)(
a†ke
−ikx − akeikx
)
. (20)
7In order to connect eventually with the circuit simulator, it will prove convenient to use now the Jordan-Wigner transfor-
mation [34], that relates the four fermionic operators with tensor products of Pauli matrices, b†in = I ⊗ σ−, bin = I ⊗ σ+,
d†in = σ
− ⊗ σz , din = σ+ ⊗ σz , and σ± = 12 (σx ± iσy). This mapping requires to consider the fermionic operators in the in-
teraction picture with respect to the free Hamiltonian for the fermions, since in this image the operators do not depend explicitly
on time. Thus, the interaction term of the Hamiltonian can be expressed as
Hint = i
∫
dxdk λk
√
ωk
2
(
a†ke
−ikx − akeikx
)( |Λ1(pf ,x, t)|2 + |Λ2(pf¯ ,x, t)|2
2
I ⊗ I
−|Λ1(pf ,x, t)|
2
2
I ⊗ σz + |Λ2(pf¯ ,x, t)|
2
2
σz ⊗ I
+
1
2
Re
(
Λ∗1(pf ,x, t)Λ2(pf¯ ,x, t)
)
(σx ⊗ σx − σy ⊗ σy)
+
1
2
Im
(
Λ∗1(pf ,x, t)Λ2(pf¯ ,x, t)
)
(σy ⊗ σx + σx ⊗ σy)
)
. (21)
We see that Hint presents three kinds of interactions, which are analyzed in the main text: single and two-qubit gates coupled
to the continuum, and interactions involving only bosonic modes.
SUPERCONDUCTING CIRCUIT MODEL
The superconducting circuit of our proposal consists of an open transmission line coupled to three tunable coupling transmon
qubits (TCQs) [31] and three resonators. One of the resonators couples to two transmon qubits, while the other two are used for
individual addressing/readout of these transmons.
For pedagogical reasons, we describe the interaction of a single tunable coupling transmon qubit with the open transmission
line and a single cavity mode. Following the Lagrangian description in Ref. [42], the system of a single transmon coupled to the
open transmission line and one resonator is represented by
L =
Cr
2
φ˙2r −
1
2Lr
φ2r +
∫
dx
(
ctl
2
φ˙2tl(x, t)−
1
2ltl
φ2tl(x, t)
)
+
Cc1
2
(φ˙r − φ˙+)2 + Cg+
2
(φ˙+ − Vg+ − φ˙−)2
+
Cg−
2
(φ˙− − Vg−)2 + Cc2
2
(φ˙tl(xj , t)− φ˙−)2
+
CI
2
φ˙2+ +
C+
2
(φ˙+ − φ˙−)2 + C−
2
φ˙2−
+EJ+ cos
(
φ+ − φ−
Φ0
)
+ EJ− cos
(
φ−
Φ0
)
. (22)
Here, φr, φtl, φ+, and φ− are the node fluxes [42] depicted in Fig. 3, associated with the resonator, the open transmission line,
the upper island, and the center island, respectively. Additionally, Φ0 = h/2e is the flux quantum, Cr and Lr are the capacitance
and inductance of the resonator, and ctl and ltl the capacitance and inductance per unit length of the open transmission line.
Finally, Cc1 and Cc2 represent the capacitive coupling of the TCQ and the resonator and transmission line, respectively.
The Hamiltonian of the system is given by H = HT + Hres + Htl + Hint, where the terms correspond to the transmon, the
resonator, the transmission line and the interaction among them, respectively. In what follows, the subindices + and − refer to
the combinations φ+ − φ− and φ− respectively. Thus the transmon is described as
HT = 4EC+(n+ − ng+)2 + 4EC−(n− − ng−)2 + 4EIn+n−, (23)
with charging energies
EC+ =
e2
2M
[Cc2Ctl(Cc1 + Cr)− α−],
EC− = −
e2
2M
α+,
8!r !+
!-
g
!tl(xj,t)
Cc1
Cc2
C+
C-
CI
Cg+
Cg-
Vg+
Vg-
EJ+
EJ-
Cr
Lr
ctl
ltl
FIG. 3. Effective circuit diagram of a tunable transmon qubit coupled to a resonator and a transmission line via the upper (+) and center (-)
islands, respectively.
dimensionless gate voltages
ng+ =
1
2e
(
Cg+Vg+ + Cg−Vg−
αI
α− − Cc2Ctl(Cc1 + Cr)
)
,
ng− =
1
2e
(
Cg−Vg− + Cg−Vg−
αI
α+
)
,
and interaction energy
EI = − e
2
M
αI , (24)
with
α± = (Cc2 + Ctl)(C2c1 − Cc1CΣ± − CrCΣ±),
αI = (Cc2 + Ctl)(Cc1CI + Cc1Cr + CICr),
M = α+
(
C2c2
Cc2 + Ctl
− Cc2 + Cc1 − CΣ−
)
−αI(CI + Cc1) + Cc1(Cc2 + Ctl)(CrCΣ+ + Cc1CI),
CΣ± = Cc1 + Cg± + CI + C±,
Ctl =
∫
ctl dx.
The transmission line and resonator Hamiltonians may be written in terms of creation and annihilation operators as
Htl =
∫
dk ωka
†
kak,
Hres = ωrb
†b, (25)
where a†k(ak) and ωk are the creation(annihilation) operator and the frequency associated with the kth mode of the open trans-
mission line, respectively. In addition, b and b† annihilate and create excitations of frequency ωr in the resonator. We use the
same notation of a†k and ak to describe the quantum field model and the superconducting circuit proposal.
The interaction Hamiltonian reads
HI = 2eCr
√
ωr
2Cr
i(b† − b)(β+n+ + β−n−)
+ 2eCtl(λ+n+ + λ−n−)
∫
dk
√
ωk
4pictl
(ia†ke
−ikxj + H.c.),
(26)
9where the coefficients are
β+ = −
Cc1(Cc2 + Ctl)(Cc1 + CI − CΣ−)− Cc1Cc2Ctl
M
,
β− = −
Cc1(Cc2 + Ctl)(Cc1 + CI − CΣ+)
M
,
λ+ = − Cc2αI
M(Cc2 + Ctl)
,
λ− = − Cc2α+
M(Cc2 + Ctl)
.
In this Hamiltonian, a coupling between the resonator and the open transmission line has been neglected due to its smallness
when compared to the rest of the interactions.
The coupling energy between the qubit and the resonator is given by 2eCr
√
ωr
2Cr
〈i|(β+n+ + β−n−)|j〉, while the coupling
with the transmission line depends on the frequency and is proportional to
√
ωk〈i|(λ+n+ + λ−n−)|j〉.
The Hamiltonian (26) can be expressed in terms of Pauli matrices if we truncate the Hilbert space of the transmon to the two
lowest eigenvalues. We are allowed to perform this approximation due to the anharmonicity of the energy distribution, in which
the pair of lowest states may be discriminated from the others.
Hence, the interaction Hamiltonian in equation (26) can be written in terms of Pauli matrices in the following general form
Hint = i
3∑
j=1
σyj
∫
dk β(Φjext, Φ¯
j
ext)gk(a
†
ke
−ikxj − akeikxj )
+i
2∑
j=1
α(Φjext, Φ¯
j
ext)gjσ
y
j (b
† − b), (27)
where σ0 stands for the identity operator, σj with j = 1, 2, 3 correspond to the Pauli matrices, and gk =
√
ωk.
INFORMATION ENCODING
The fermionic states will be encoded in the two levels of each qubit. This is done via the mapping of fermionic and an-
tifermionic creation and annihilation operators onto nonlocal spin operators acting on the qubits.
We recall the Jordan-Wigner mapping performed previously, b†in = I ⊗ σ−, d†in = σ− ⊗ σz , and we associate the fermionic
operators to the following ones acting on the qubit states,
b†in = |↑↓〉〈↑↑|+ |↓↓〉〈↓↑|,
bin = |↑↑〉〈↑↓|+ |↓↑〉〈↓↓|,
d†in = |↓↑〉〈↑↑| − |↓↓〉〈↑↓|,
din = |↑↑〉〈↓↑| − |↑↓〉〈↓↓|, (28)
where the states |↑〉 and |↓〉 are the levels of a qubit. With this mapping, the vacuum state corresponds to the state |0〉 = |↑↑〉,
the state with one fermion is |f〉 = | ↑↓〉, and the state with one antifermion is |f¯〉 = | ↓↑〉. Fermion self-interaction may
be computed by the probability |〈f , 0, 0|U(t)|f , 0, 0〉|2 at time t, and pair creation and annihilation may be simulated by the
transition probabilities between a state with no fermions into a state with a fermion and an antifermion. The state of the qubits
can be detected via standard quantum non demolition measurements. Additionally, the average boson population and higher
order moments may be measured in the open transmission line via the dual-path technique [43].
HIGHER DIMENSIONS AND SCALABILITY ISSUES
In order to access a full-fledged quantum field theory, we need to take into account spinors in the fermionic field, polarizations
in the bosonic field, and other couplings in the field theory side, for instance, ψ¯ψφ, ψ¯γµψAµ, etc. To achieve this, we add more
qubits between the resonator and the open transmission line. In this case, an analogous mapping between the fermionic operators
and tensor products of Pauli matrices is encoded via the N -mode Jordan-Wigner transformation
b†l = IN ⊗ IN−1 ⊗ ...⊗ σ−l ⊗ σzl−1 ⊗ ...⊗ σz1 ,
d†m = IN ⊗ IN−1 ⊗ ...⊗ σ−m ⊗ σzm−1 ⊗ ...⊗ σz1 , (29)
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where l = 1, 2, ...,N/2,m = N/2+1, ...,N , withN the total number of fermion plus antifermion modes and Ij the identity op-
erator. Since fermionic couplings will appear through bilinears, this encoding will encompass all usual cases. The consideration
of bosonic fields beyond one single scalar field may be implemented by the use of multiple open transmission lines.
